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Abstract. I review my results about noncommutative gauge theories and 
about the relation of these theories to M(atrix) theory following my lecture on 
ICMP 2000. 



In my lecture on ICMP 2000 I gave a short review of my results on noncom- 
mutative gauge theories and talked in more detail about my recent paper [9] . Here 
I'll skip all details referring to papers [1]-[13] . I'll list only main results of these 
papers. 

In the paper [1] it was shown that gauge theories on noncommutative tori 
appear naturally in consideration of compactifications of M(atrix) theory. The same 
logic can be used to obtain gauge theories on noncommutative toroidal orbifolds 
[14], [15], [11], [U]. " 

More precisely, if G is a subgroup of the group of symmetries of any model 
we can restrict ourselves to fields that are G-invariant up to gauge equivalence. 
This means that the change of a field A under the action of an element 7 E G 
can be compensated for by gauge transformation t/ 7 . For matrix models (i.e. in 
the case when A is a collection of matrices and gauge transformations are unitary 
transformations) this means that 

(1) j(A) = U 7 AU~\ 

Usually finite size matrices don't satisfy this equation; one should replace (Hermit- 
ian) matrices by (Hermitian) operators in infinite-dimensional Hilbert space E and 
consider E7~ as unitary operators in this space. There exists no reason to expect 
that Uy\ — U-yUx, but taking into account that 

(2) • U 7 U X )A(U£ ■ U y U x ) = A 
it is naturally to assume that 

(3) U jX = ^- X %U X 

One can say, that the operators U 1 specify a projective representation of the 
group G. In the case when G = Z d the associative algebra Tg generated by oper- 
ators U 1 can be interpreted as the algebra of functions on e?-dimensional noncom- 
mutative torus. In other words the space E can be considered as a T^-module. 
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We always consider finitely generated projective modules (direct summands in free 
modules (Tg) n ). In noncommutative geometry this means that we consider "vector 
bundles" over noncommutative tori. 

The torus Tg is specified by means of bilinear form 8(j, A) on Z d ; without loss 
of generality one can assume that this form is antisymmetric. It will be more con- 
venient for us to say that a noncommutative torus is determined by antisymmetric 
matrix Ojk corresponding to the form 9(j, A) in some basis of Z d . In terms of 
this matrix noncommutative torus can be interpreted as an algebra with unitary 
generators Ui,...,Ud satisfying relations UjUk = e 2m6 ^ k UkUj. If A = (Ai,...,A d ) 
and the group Z d acts on A by means of translations (i.e. -f(A) = A + 7), then 
the solution of the equation (1) can be considered as a connection on noncommu- 
tative torus Tg in the sense of A.Connes [16], [17]. (The notion of connection is 
discussed in detail at the end of the paper.) If our starting point is BFSS or IKKT 
matrix model [18], [19], then the above construction leads to SUSY Yang- Mills the- 
ory on noncommutative torus [1]. Replacing Z d with semidirect product of Z d 
and finite group we obtain gauge theories on noncommutative toroidal orbifolds. 
The appearance of noncommutative geometry can be explained not only from the 
viewpoint of M(atrix) theory, but also from the viewpoint of string theory as was 
shown in a series of papers [20]- [24], culminating by Seiberg-Witten paper [25] that 
contains very detailed analysis of relation between string theory and gauge theory 
on noncommutative spaces. 

Gauge theories on noncommutative tori were studied by A.Connes and M. 
Rieffel, especially in two-dimensional case [26]-[28]. I obtained new results about 
these theories focusing my attention on problems related to physics. Already in 
[1] it was conjectured that Morita equivalence of algebras is related to duality in 
physics. One says that an algebra A is Morita equivalent to the algebra A if the 
category of ^4-modules is equivalent to the category of A-modules. In other words, 
we should be able to transfer A-modules into A-modules and ^4-modules into A- 
modules; this correspondence should be natural (for every A-linear map tp : E — > E' 
of ^4-modules should be defined an A-linear map (p : E — > E' of corresponding A- 
modules; one requires that the correspondence <p — > <p transforms composition of 
maps into composition of maps ). However, to prove that gauge theories over A are 
related to gauge theories on A we should be able to transfer also connections on A- 
modules to connections on yl-modulcs. I introduced a new notion of gauge Morita 
equivalence (in original paper [2] I used the term "complete Morita equivalence") 
and proved that gauge Morita equivalence of algebras implies physical equivalence 
of corresponding gauge theories.lt is proved in [2] that noncommutative tori Tg and 
T~ are gauge Morita equivalent if and only if there exists a matrix 

«> {c B n) 

belonging to SO{d 1 d 1 Z) and obeying 

(5) 6 = (A8 + B)(C8 + D)- 1 

Here A, B, C, D are dx d matrices and SO(d, d, Z) stands for the group of 2d x 2c? 
matrices with integer entries that are orthogonal with respect to quadratie form 
x\Xd+\ + ... + XdX2d having signature (d, d). (The fact that the relation (5) implies 
Morita equivalence was proved in earlier paper [4] written together with M. Rieffel.) 
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Equivalence of gauge theories on noncommutative tori Tq and Tg- was studied in 
detail in [2], [6], [7], [8]. It is closely related to T-duality in string theory; this 
relation was thoroughly analyzed in [5]. This analysis led, in particular, to the 
discovery of possibility to trade noncommutativity parameter for background field 
in the expressions for BPS energies. (Almost simultaneously this fact was found in 
[25] at the level of action functionals; it was called background independence.) 

The papers [6], [7], [8], [13] are devoted to the study of BPS fields and BPS 
states in SUSY gauge theories on noncommutative tori. Analysis of BPS spectra by 
means of supersymmetry algebra was performed in [7]. Another way to study BPS 
states is based on geometric quantization of moduli spaces of classical configurations 
having some supersymmetry (BPS fields). One can identify \ BPS fields with con- 
nections having constant curvature. We found necessary and sufficient for existence 
of constant curvature connections and described moduli spaces of such connentions. 
As in the case of commutative torus the X-theory class of a projective module E 
(of a "vector bundle") over T@ can be characterized by means of an even integer 
element n(E) of Grassman algebra with d generators a 1 , ...,a d (as a collection of 
integer antisymmetric tensors fj,^ , fx , n^ kl , .... of even rank). One can interpret 
\ ■■■ as numbers of D-branes with given topological charges (although a no- 
tion of individual D-brane is ill-defined in noncommutative space). We will assume 
that 9 is irrational; then it was proved in [27] that two modules having the same 
-KT-theory class are isomorphic. One can verify that necessary and sufficient condi- 
tion for existence of constant curvature connection in a module with fJ,(E) = /j is 
a possibility to represent \x as a quadratic exponent (as an expression of the form 
Cexp(a k pkict 1 )) or as a limit of quadratic exponents. If a module E having constant 
curvature connection cannot be represented as a direct sum of isomorphic modules 
(i.e. g.c.d.(//°), [if?\ fJy\i, ■■■■) = 1) we say that E is a basic module. For basic 
T/-module the moduli space of constant curvature connections is a d-dimensional 
torus T d . An arbitrary T^-module with constant curvature connection is isomor- 
phic to a direct sum of n basic modules where n =g.c.d.(//°), /4f , l-Hjiv ■•••); f° r 
such a module corresponding moduli space is (Tg) n /S n - Basic modules and con- 
stant curvature connections on these modules can be described very explicitly in 
the language of so called Heisenberg modules. Every Tg -module can be represented 
as a direct sum of basic modules, the number of summands in this sum can be made 
as large as we want. This statement follows from results of [27]. (Recall that we 
assumed irrationality of 9; this assumption is necessary and sufficient for validity 
of our claim.) This means, in particular, that every combination of D-branes can 
decay into ^BPS states. 

Instantons on noncommutative R 4 were analyzed in [3] by means of gener- 
alization of ADHM construction. The most striking feature of noncommutative 
instantons is the absence of small instanton singularity in moduli space of noncom- 
mutative instantons. Instantons on noncommutative tori were studied in [10]; in 
particular, we constructed a noncommutative analog of Nahm transform. Instan- 
tons can be characterized as ^BPS fields. In the case when a T^-module admits 
constant curvature connection it is possible to give a complete description of jBPS 
fields and |BPS states [6]. To obtain this description one can apply the fact that 
under certain conditions on 9 we can use Morita equivalence to transform such a 
module into a free module over another noncommutative torus. (It is sufficient to 
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assume that every linear combination of matrix elements of 9 having integer coeffi- 
cients is irrational.) This remark can be used also in many other cases; it confirms 
the idea that noncommutative tori with irrational are simpler that commutative 
tori. 

Gauge theories on noncommutative toroidal orbifolds were studied in [11], [12]. 
Fairly complete analysis of modules, of constant curvature connections and corre- 
sponding moduli spaces, of Morita equivalence is given for T^/Z 2 ; however, the 
methods developed in [11], [12] work also for other toroidal orbifolds. 

All results we mentioned are based on the notion of connection on yl-module. 
There exist different definitions of this notion, but all of them are based on the same 
idea: a connection should satisfy Leibniz rule. If an n-dimensional Lie algebra L 
acts on associative algebra A by means of infinitesimal automorphisms (derivations) 
we can define a connection on (left) A-module E as a collection of n linear operators 
Vj : E — > E, i — 1, n obeying the Leibniz rule: 

Vj(ae) = a • V^e + 5 t a ■ e, 

where a e A, e e E, and Si, ...,S n are derivations corresponding to elements of 
a basis of Lie algebra L. (Notice, that operators V» don't commute with multi- 
plication by a £ A, i.e. they are C-lincar, but not ^4-linear. However, if Vj , V ■ 
(i = 1, n) are two connections the difference V- — Vj is A- linear ; in other words 
V^ — Vj is an endomorphism of E.) 

When we consider noncommutative tori we should define connections using 
rf-dimensional commutative Lie algebra acting on T@ by means of translations. 

If we would like to define connections in terms of covariant differential instead of 
covariant derivative we should assume that the algebra A is a Z 2 -graded associative 
algebra equipped with a parity reversing derivation Q : A — > A. The standard 
assumption is that Q 2 = (then A is called a graded differential algebra) . However 
it is shown in [9] that one can relax this assumption requiring only that Q 2 a — [ui, a] . 
(Here ui is a fixed element of A obeying Qoj = 0.) If A is an associative algebra 
equipped with an operator Q of this kind (a Q-algebra is the terminology of [9]) 
we can define a connection on (left) >l-module E as an linear operator V : E —* E 
obeying the Leibniz rule: 

D{ae) = {-\) dega aDe + Qa ■ e. 

The standard theory of connections (including the notion of Chern character) can 
be generalized to the case of modules over a Q-algebra. If P is a module over 
Q-algebra A and Vp is a connection on P we can define a structure of Q-algebra 
on A = End^-P by the formula Q(p — [Vp, tp]. (Here End^P stands for an algebra 
of endomorphisms of A-module P, i.e. for an algebra of ^4-linear maps of P into 
itself.) Under certain conditions on P the algebra A is Morita equivalent to A, 
i.e. we can transfer A-modules into yl-modules and vice versa. (If A has a unit we 
should require that A considered as left A-modulc is a direct summand of P N for 
some N and P is projective) Using the connection Vp we can transfer connections 
on A-modules to connections on corresponding on A-modulcs. This operation per- 
mits us to extend the equivalence between categories of ^4-modules and A-modules 
to an equivalence of corresponding gauge theories . This gives a very general dual- 
ity theorem; SO(d, d, Z) duality of gauge theories on noncommutative tori can be 
derived from this general theorem [9] . 
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